We present explicit, analytic, and closed-form expressions for describing magnetic behaviors of materials having the magnetic anisotropy energy of K sin 2 . The functional forms of the expressions depend on the ratio of an applied field to an anisotropy field and the ratio of the lowest critical field, for a domain wall to nucleate or move, to the anisotropy field. The present expressions for functions of experimentally measurable quantities gave an elegant method of fitting the quantities to the torque measurement. Furthermore, they may be useful to analyze the ferromagnetic resonance experiment and to measure the distribution of magnetic properties of magnetic aggregates.
Stoner and Wohlfarth had derived a parametric equation describing the magnetic behavior of a single-domain magnet having the uniaxial anisotropy energy of K sin 2 .
1 Their parametric equation has played an important roll in understanding the experimental results and developing a theoretical methodology. Solutions to their parametric equation have been numerically obtained, and two approximate solutions of it have been published. 2, 3 Two approximate expressions are the series expansions of the exact function depending on the ratio h of an applied field (H) to an anisotropy field (H K ). Those approximate expressions are not practical because they slowly converge as h increases, also they do not converge with h lower than 1. Furthermore, these are not applicable to analyze irreversible magnetic reversal, which is the origin of hysteresis. We present an explicit, analytic, and closed-form function for describing the magnetic behaviors of materials.
Considering only the first-order anisotropy due to shape, the total energy per unit volume under magnetic field H may be expressed by
Here, K is the effective anisotropy constant, and M is a magnetization. and are orientations of magnetization and applied field, and they are measured from the initially saturated easy axis. ͑CR͒ and the domain-wall displacement ͑DWD͒. 5 In a rotational magnetizing process with a fixed applied field intensity, the magnetization will be reversed at c such that
͑9͒
The physical meaning of h x Ј is the criterion for the reversal mechanism to switch the DWD between the CR. With
, h x Ј can be expressed by
In the case of h 0 Ͼͱ2/4, we set h x Ј to be 0.5 because the CR always turns on with h larger than 0.5. Physically reasonable expressions of t(,h;h 0 ) can be uniquely determined by
͑11͒
Conditions of hуmin(ͱ2h 0 ,h x Ј) and min(h 0 ,1/2)рh рmin(ͱ2h 0 ,h x Ј) are equivalent to cases that c are smaller and greater than 3/4, respectively. Here, t h (,h;h 0 ), t m (,h;h 0 ), and t l (,h;h 0 ) are expressed by Eqs. ͑5͒, ͑6͒, ͑7͒, and ͑8͒ as follows: 
͑14͒
Expression of ͑11͒ is exact and valid at an arbitrary field. Furthermore, it can treat the effect of the hysteresis. Figure 1 shows several typical torque curves showing the hysteresis. A detailed discussion of eight distinctive torque curve shapes will be published elsewhere. 7 Putting the right side of Eq. ͑15͒ into in ‫ץ/‪t‬ץ‬ ϭ2 cos ‫ץ/ץ2‬ and ‫ץ‬t/‫ץ‬hϭ2 cos ‫,‪h‬ץ/ץ2‬ one can also obtain explicit and closed-form expressions for ‫ץ/ץ‬ and ‫.‪h‬ץ/ץ‬ These two expressions play an important role in expressing an ac susceptibility and in analyzing the ferromagnetic resonance experiment, while the two expressions of ‫ץ/‪t‬ץ‬ and ‫ץ‬t/‫ץ‬h play an important role in the method of fitting parameters to an experimental torque curve.
To clearly show the validity and advantages of our expressions, we use an elegant method of nonlinear fitting to measure the saturation magnetization and anisotropy from an experimental torque curve. An experimental torque L of the aggregate of N anisotropic magnets can be expressed by
͑18͒
Here, K i *(ϭK i V i ) is the anisotropy energy, which is a product of the anisotropy energy constant K i and volume V i of the ith magnet. h i , h 0,i , and ᭺,i are the ratio of an applied field to the anisotropy field, the ratio of the critical field to the anisotropy field, and the anisotropy orientation of ith magnet, respectively. The last term of L ᭺ can present an offset error in measuring the magnetic torque of the aggregate. K i * , ᭺,i , h i , and L ᭺ are parameters to be determined by fitting. Hence, the following four explicit expressions can be used to fit the parameters by using the LevenbergMarquart algorithm:
One can obtain the magnetic moment, the anisotropy field intensity, and the anisotropy field orientation of the ith magnet by fitting. The anisotropy orientation of an individual magnet is given by ᭺,i . The anisotropy field intensity (H K,i ) is obtained by using the relations of H K,i ϭH/h i . The magnetic moment M * of the ith magnet is obtained by using Figure 2 shows a simple example of the fitting technique to determine the anisotropy and saturation magnetization. The method of fitting gave the anisotropy constant of 1.80ϫ10 6 emu/cm 3 and the anisotropy field of 12.1 kOe. The final values of K*, ᭺ , h, and L ᭺ did not depend on their initial values. This method of fitting gives accurate information by analyzing the torque curve, even showing the rotational hysteresis and the measurement offset of the torque. Furthermore, the Tikhonov regulation algorithm 9,10 with our explicit expression may give an elegant method of solving the inverse problem to determine the distribution of magnetic properties of magnetic materials.
In conclusion, we report explicit, exact, and closed-form functions to describe the magnetic behaviors of materials having magnetic anisotropy energy of K sin 2 . They can treat the hysteresis obtained at a lower applied field rather than the anisotropy field. There are two remarkable applications of the present expressions. One is fitting parameters to experiments. The other may be solving the inverse problem of measuring the distribution of magnetic properties of magnetic aggregates.
